Self-assembly is the mechanism that controls the formation of well defined structures from disordered pre-existing parts. Despite the importance of self-assembly as a manufacturing method and the increasingly large number of experimental realizations of complex self-assembled nano aggregates, theoretical predictions are lagging behind. Here we show that for a non-trivial selfassembly phenomenon, originating branched loop-less clusters, it is possible to derive a fully predictive parameter-free theory of equilibrium self-assembly by combining the Wertheim theory for associating liquids with the Flory-Stockmayer approach for chemical gelation.
Intermolecular self-assembly is the ability of molecules to form supramolecular assemblies [1] as well as a manufacturing method used to construct aggregate at the nano or micro scale, by proper design of the constituent molecules. In the self-assembly bottomup paradigm, the final (desired) structure is 'encoded' in the shape and properties of the designed building blocks. Realizations of complex self-assembled nano aggregates [2, 3, 4] have been guided by intuition and sophisticated experimental techniques. A full comprehension of the self-assembly process requires the ability to predict the structures (and their relative abundance) which will be observed in equilibrium, as a function of T and density ρ, starting from the knowledge of the inter-particle interaction potential. Such a request is very much akin to the one that has guided the development of the physics of liquids in the last decades. Differently from the simple liquid case, self-assembly is characterized by a very strong inter-particle attraction (significantly larger than the thermal energy k B T ) and by the fact that the interaction geometry is far from being spherical. The leading "bonding" interaction may indeed be localized in a specific part of the particle surface (patchy interactions [5] ), it may be active only in the presence of a specific complementary group (lock-and-key interactions, very often encountered in biological self-assembly [6, 7, 8, 9]) or it may be strongly dependent on the particle orientation [10] . The presence of strong and patchy interactions poses significant challenges to a parameter-free description of selfassembly. Only equilibrium chain polymerization, the simplest self-assembly process which takes place when bi-functional particles self-assemble into chains of variable length, can be considered to be sufficiently established [11, 12, 13, 14, 15, 16] .
In this article we show that for systems with a small average functionality (but larger than two) it is possible to provide a parameter-free full description of the self-assembly process. We study theoretically and numerically one of the simplest, but not trivial selfassembly process, namely a binary mixture of particles with two and three attractive sites.
The presence of three (or more) -functional particles -which act as branching points in the self-assembled clusters -introduces two important phenomena which are missing in equilibrium chain polymerization: a percolation transition, where a spanning cluster appears, and a region of thermodynamic instability, the analog of a gas-liquid phase separation. More explicitly, we investigate a binary mixture composed by N 2 = 5670 bi-functional particles and N 3 = 330 three-functional ones. The resulting average number of sticky spots per particle, i.e. the average functionality, is M =
. Particles are modeled as hard-spheres of diameter σ, whose surface is decorated by two (or three) bonding sites at fixed locations. Sites on different particles interact via a square-well potential V SW of depth u 0 and attraction range δ = 0.119σ. More precisely, the interaction potential V (1, 2) between particles 1 and 2 is
where V HS is the hard-sphere potential and r 12 and r ij 12
are respectively the vectors joining the particle-particle centers and the site-site (on different particles) locations; n i indicates the number of sites of particle i. Sites are located on the poles in the case of bi-functional particles and equidistant on the equator in the case of three-functional particles. With this site geometry, the smallest possible bonded ring requires six three-functional particles, while a bonded ring of only bi-functional units requires ≈ 50 particles. The well width δ is chosen to ensure that each site, due to steric effect, is engaged at most in one interaction. . As a result, the bond probability, p b , can be precisely calculated as the ratio of the potential energy E and E gs . Pairs of bonded particles are assumed to belong to the same cluster.
We have performed standard Monte Carlo (MC) Metropolis simulations at several T and ρ (more than 70 different state points). An MC step is defined as an attempted move per particle. A move is defined as a displacement of a randomly selected particle in each direction of a random quantity distributed uniformly between ±0.05 σ and a rotation around a random axis of a random angle uniformly distributed between ±0.1 radiant. Equilibration was monitored via the evolution of the potential energy (a direct measure of the number of bonds in the system). Equilibration at the lowest T required up to 10 9 MC steps (6 months of simulation time). Indeed, at k B T /u 0 = 0.05, a bond breaks in average every 5 10 To develop a parameter-free theoretical description of the cluster formation we combine Wertheim (W) theory [17, 18, 19] 
arbitrary sites i and j, and f (12) ω 1 ,ω 2 represents an angle average over all orientations of the two particles at fixed relative distance r 12 [20] . The comparison between the theoretical predictions and the "exact" numerical data for the T and ρ dependence of p b are shown in Fig. 2 . Data show clearly that the theory is able to predict precisely p b (or equivalently the system potential energy) in a wide T and ρ range. At low T , p b → 1, and the system approaches a fully bonded disordered (ground state) configuration.
To derive information on the structure of the system and the connectivity of the aggregates we connect the W and the FS theories. Indeed, the hypothesis of absence of closed bonding loops is at the basis of both theoretical approaches. The W prediction for p b can thus be consistently used in connection with the FS approach [21] to predict the T and ρ dependence of the cluster size distributions. In the present case, the number of clusters (per unit volume) containing l bi-functional particles and n three-funtional ones can be written [21] as
where p 3 ≡ 3N 3 /(2N 2 + 3N 3 ) and p 2 = 1 − p 3 are the probabilities that a randomly chosen site belongs to a three-functional or to a bi-functional particle, p b is given by Eq. 2, and w nl is a combinatorial contribution [21] . Distributions are normalized in such a way that ln,l+n>0 (l + n)ρ nl = ρ 2 + ρ 3 . As shown in Fig. 3 -(top), on decreasing T , the ρ nl distribution becomes wider and wider and develops a power-law tail with exponent -2.5, characteristic of loop-less percolation [22] . On further decreasing T , the distribution of finite size clusters progressively shrinks, since most of the particles attach themselves to the infinite cluster.
Data show that Eq. 3, with no fitting parameters, predicts extremely well the numerical distributions at all state points, both above and below percolation. It is also possible to predict the length distribution of chains of bi-functional particles. The number of chains (per unit volume) of length l, normalized in such a way that
The ρ l distribution is thus always exponential. At low T , when p b → 1, the distribution becomes controlled only by the relative fraction of two-functional particles, providing a method for tuning the porosity of the fully connected percolating structure via the relative composition of the binary mixture. Indeed, when p b → 1 , the average distancel between branching points in the network becomes only a function of p 2 , i.e.l = 1/(1 − p 2 ). Fig. 3 -(bottom) shows that also the ρ l distribution is perfectly described by the combined W-FS theory.
In the framework of FS approach it is also possible to evaluate the number density of To further check the quality of the theory, we numerically evaluate the connectivity properties of each studied state point, searching for the presence of clusters which are infinite under periodic boundary conditions. A state point is considered percolating when, accounting for periodic boundary conditions, an infinite cluster is present in more than 50% configurations. The resulting partitioning of the state points into percolating and non-percolating ones (see Fig. 5 ) is fully consistent with the theoretical prediction of the percolation line
The theory also predict a line of constant volume specific heat C V maxima (also observed in chain polymerization [11, 23] ), provided by the inflection point in the p b vs. T curves (Fig. 2) , which also agrees very well with the simulation results. The line of C V extrema is also shown in Fig. 5 . The presence of a maximum in C V is a characteristic of bond-driven assembly and the locus of maxima in the T -ρ plane is one of the precursors of the self-assembly process for low functionality particles.
The W theory predicts a liquid-gas phase separation at small ρ for any non-vanishing amount of branching point [24, 25] . According to the theory, at low T and sufficiently small ρ the system phase separates into two phases of different density and connectivity. The theoretical spinodal curve, the line separating the stable (or metastable) state points from the unstable ones, is defined as the locus of points such that the volume V derivative of the pressure P vanishes, i.e. (∂P/∂V ) T = 0. For the present model, it is located below the percolation line and the two lines merge asymptotically for T → 0 and ρ → 0 as shown in Fig. 5 . The analysis of the numerical configurations for the two investigated state points which happened to be located inside the spinodal are indeed characterized by a bimodal distribution of the density fluctuations and a very large value of the small-angle structure factor, indicating a phase-separated structure. This confirms that, in the absence of bonded rings, also the region of liquid-gas instability can be predicted using the W theory. The role of bond-rings on the thermodynamic of thermoreversible gels has been recently discussed in Ref. [15] .
To summarize, this work provides the first fully solvable example of an equilibrium selfassembly process which goes beyond the equilibrium chain polymerization, complementing recent numerical studies and attempts at direct comparison between theory and simulation in related systems [15, 26, 27] . The presence of a non negligible number of three-valent particles brings in a percolation phenomenon and a gas-liquid instability. These two loci are located in the region of T below the C V maximum, suggesting a cascade of phenomena characterizing the self-assembly process in systems with low M : onset of bonding (C V max), percolation and, eventually at low ρ, phase separation. The resulting phase diagram bears strong similarities with the ones discussed in previous mean field [28, 29] and numerical [15, 26, 30] studies of thermoreversible gelation.
The possibility of theoretically describing the self-assembly process in the present model, designed to minimize the closed-bond loops effects, provides a benchmark for testing novel approaches and approximations accounting for more general cases. The quality of the predictions makes it possible to exploit a fine tuning of the percolation properties. Using the recently synthesized colloidal particles [31, 32] or functionalizing colloids [33, 34, 35] it will be possible, by choosing the appropriate ρ and T , to generate materials with specific connectivity lengths, gels with desired porosity or build on the fractal nature of the self-assembled clusters. The material structure can be made permanent, if needed, by freezing the bonding pattern with a fast cooling process. 
